Abstract. In the papers [EK1], [EK2] and [EK3] with Masaki Kashiwara, the author introduced the notion of symmetric crystals and presented the Lascoux-Leclerc-ThibonAriki type conjectures for the affine Hecke algebras of type B. Namely, we conjectured that certain composition multiplicities and branching rules for the affine Hecke algebras of type B are described by using the lower global basis of symmetric crystals of V θ (λ). In the present paper, we prove the existence of crystal bases and global bases of V θ (0) for any symmetric quantized Kac-Moody algebra by using a geometry of quivers (with a Dynkin diagram involution). This is analogous to George Lusztig's geometric construction of U − v and its lower global basis.
1. Introduction
Let K
AHA n be the Grothendieck group of the affine Hecke algebra H n (q) of type A n and set
. Generalizing the LLT conjecture [LLT] for the Hecke algebra of type A, S. Ariki [Ari] proved that K AHA ⊗ Z C is isomorphic to U − (g) as U − (g)-modules. Here g = sl ℓ−1 or gl ∞ according that the parameter q of the affine Hecke algebras of type A is a primitive ℓ-th root of unity or not a root of unity. This isomorphism sends the irreducible modules of the affine Hecke algebras to the specialization of the upper global basis of U − v (g) at v = 1. His proof is based on two results in the geometric representation theory. One is the equivariant K-theoretic description of the irreducible and standard modules of the affine Hecke algebras by Chriss-Ginzburg and Kazhdan-Lusztig, and the other is G. Lusztig's geometric construction [Lus1] of the lower global basis of U − v (g). Lusztig's theory is summarized as follows. Let g be a symmetric Kac-Moody algebra and I an index set of simple roots of g. For a fixed set of arrows Ω, we consider (I, Ω) as a (finite) oriented graph. We call (I, Ω) a quiver. For an I-graded vector space V, we define the moduli space of representations of quiver (I, Ω) by
The algebraic group G V = i∈I GL(V i ) acts on E V,Ω . Lusztig introduced a certain full subcategory Q V,Ω of D(E V,Ω ) where D(E V,Ω ) is the bounded derived category of constructible complexes of sheaves on E V,Ω (for the definition, see section 3). Let K(Q V,Ω ) be the Grothendieck group of Q V,Ω . He constructed the induction operators f i and the restriction operators e ′ i on the Grothendieck group K Ω := ⊕ V K(Q V,Ω ), where V runs over the isomorphism classes of I-graded vector spaces. He proved the following theorem. Theorem 1.1 (Lusztig) .
(
i) The operators e
The involution induced by the Verdier duality functor coincides with the bar involution on U − v (g). (ii) The simple perverse sheaves in V Q V,Ω give the lower global basis of U − v (g). 1.2. Recently in [EK1] and [EK2] with M. Kashiwara, the author presented an analogue of the LLTA conjecture for the affine Hecke algebra of type B. In [EK2] , we considered U v (g) and its Dynkin diagram involution θ and constructed an analogue B θ (g) of the reduced v-analogue B v (g) (for the definition, see Definition 2.9 below). We gave a B θ (g)-module V θ (λ) for a dominant integral weight λ such that θ(λ) = λ, which is an analogue of the B v (g)-module U − v (g) (for the definition, see Definition 2.10 below). We defined the notion of symmetric crystals and conjectured the existence of the global basis. In the case g = gl ∞ , I = Z odd , θ(i) = −i and λ = 0, we constructed the PBW type basis and the lower (and upper) global basis parametrized by the θ-restricted multi-segments. We conjectured that irreducible modules of the affine Hecke algebras of type B are described by the global basis associated to the symmetric crystals.
1.3. In this paper, we construct the lower global basis for the symmetric crystals by using a geometry of quivers (with a Dynkin diagram involution). Hence for any symmetric quantized Kac-Moody algebra U v (g), we establish the existence of a crystal basis and a global basis for V θ (0). We introduce the notion of θ-quivers. This is a quiver (I, Ω) with an involution θ : I → I (and θ : Ω → Ω) satisfing some conditions (see Definition 4.1). This notion is partially motivated by Syu Kato's construction [Kt] of the irreducible representations of the affine Hecke algebras of type B. We also introduce the θ-symmetric I-graded vector spaces. This is an I-graded vector space V = (V i ) i∈I endowed with a non-degenerate symmetric bilinear form such that V i and V j are orthogonal if j = θ(i). For a θ-quiver (I, Ω) and a θ-symmetric I-graded vector space V, we define the moduli space θ E V,Ω of representations of (I, Ω) adding a skew-symmetric condition on E V,Ω with respect to the involution θ. Similarly to Lusztig's arguments, we consider a certain full subcategory θ Q V,Ω of D( θ E V,Ω ) and its Grothendieck group θ K V,Ω . We define the induction operators F i and the restriction operators E i on θ K Ω := ⊕ V θ K V,Ω where V runs over the isomorphism classes of the θ-symmetric I-graded vector spaces. We prove the following main theorem which is an analogous result of Theorem 1.1. Theorem 1.2 (Theorem 5.12).
Though Lusztig proved Theorem 1.1 using some inner product on K Ω , we prove Theorem 1.2 using a criterion of crystals (Theorem 2.14) and certain estimates for the actions of E i and F i on simple perverse sheaves (Theorem 5.3). This paper is organized as follows. In section 2, we recall some results on the quantum enveloping algebras, the theory of the crystal bases and the global bases, the notion of symmetric crystals and known results of perverse sheaves and Fourier-Sato-Deligne transforms. Especially, we recall an important criterion of crystals in Theorem 2.14. We use this in our proof of existence of the crystal basis of V θ (0). In section 3, we give a quick review on Lusztig's construction of U − v (g) and its lower global basis. In section 4, we introduce the notion of θ-quivers and θ-symmetric I-graded vector spaces. We define the category θ Q V,Ω and the induction operators F i and the restriction operators E i . We calculate actions of E i and F i on θ Q V,Ω . We also prove that E i and F i commute with the Fourier-Sato-Deligne transforms. In section 5, we introduce the Grothendieck group θ K Ω and show three key results. First, we calculate the commutation relations of E i and F i . Second, we give certain estimates of coefficients with respect to the action of E i and F i on simple perverse sheaves. These estimates satisfy the condition in Theorem 2.14. Third, we prove the invariance of simple perverse sheaves with respect to the Verdier duality functor. Combining these results we prove the main theorem.
Acknowledgements. I would like to thank Prof. Masaki Kashiwara who guided me to Lusztig's geometric theory and gave me many advises, comments and patient encouragement. I also would like to thank Yuichiro Hoshi who taught me basic concepts, examples and some techniques in algebraic geometry and derived categories till midnights at RIMS.
Preliminaries
2.1. Quantum enveloping algebras.
2.1.1. Quantum enveloping algebras and reduced v-analogue. We shall recall the quantized universal enveloping algebra U v (g). In this paper, we treat only the symmetric Cartan matrix case. Let I be an index set (for simple roots), and Q the free Z-module with a basis {α i } i∈I . Let ( • , • ) : Q × Q → Z be a symmetric bilinear form such that (α i , α i ) = 2 and (α i , α j ) ∈ Z ≤0 for i = j. Let v be an indeterminate and set K := Q(v). We define its subrings A 0 , A ∞ and A as follows.
Definition 2.1. The quantized universal enveloping algebra U v (g) is the K-algebra generated by elements e i , f i and invertible elements t i (i ∈ I) with the following defining relations.
(1) The t i 's commute with each other.
Here
Let us denote by U − v (g) the subalgebra of U v (g) generated by the f i 's. Let e ′ i and e * i be the operators on ( Let θ be an automorphism of I such that θ 2 = id and (α θ(i) , α θ(j) ) = (α i , α j ). Hence it extends to an automorphism of the root lattice Q by θ(α i ) = α θ(i) , and induces an automorphism of U v (g).
Definition 2.9. Let B θ (g) be the K-algebra generated by E i , F i , and invertible elements T i (i ∈ I) satisfying the following defining relations:
Moreover such a V θ (λ) is irreducible and unique up to an isomorphism.
(ii) There exists a unique non-degenerate symmetric bilinear form
for any a ∈ K and v ∈ V θ (λ).
Hereafter we assume further that there is no i ∈ I such that θ(i) = i.
In [EK2] , we conjectured that V θ ( λ ) has a crystal basis. This means the following. Since 0 and i 1 , . . . , i ℓ ∈ I), and let B θ ( λ ) be the subset
Moreover we conjectured that V θ ( λ ) has a global crystal basis. Namely we have
And assume λ = 0. In this case, we can prove
Moreover we can construct a PBW type basis, a crystal basis and an upper and lower global basis on V θ (0) parametrized by "the θ-restricted multisegments". For more details, see [EK2] .
2.3. Criterion for crystals. Let K[e, f ] be the ring generated by e and f with the defining relation ef = v −2 f e + 1. We call this algebra the v-boson algebra. Let P be a free Zmodule, and let α be a non-zero element of P . Let M be a K[e, f ]-module. Assume that M has a weight decomposition M = ⊕ ξ∈P M ξ and eM λ ⊂ M λ+α and f M λ ⊂ M λ−α . Asuume the following finiteness conditions:
for any λ ∈ P , dim M λ < ∞ and M λ+nα = 0 for n ≫ 0.
Hence for u ∈ M, we can write u = n≥0 f (n) u n with eu n = 0. We define endmorphisms e and f of M by
Let B be a crystal with weight decomposition by P in the following sense. We have wt : B → P , f : B → B, e : B → B ⊔ {0} and ε : B → Z ≥0 satisfying the following properties, where B λ = wt −1 (λ):
, and e • f = id B , (iii) for any λ ∈ P , B λ is a finite set and
Set ord(a) = sup{n ∈ Z | a ∈ v n A 0 } for a ∈ K. We understand ord(0) = ∞. Let {G(b)} b∈B be a system of generators of M with G(b) ∈ M wt(b) . Asuume that we have expressions:
Now consider the following conditions for these data, where ℓ = ε(b) and
Here we understand G(0) = 0.
In [EK2] , this theorem is proved under more general assumptions.
Perverse Sheaves.
2.4.1. Perverse Sheaves. In this paper, we consider algebraic varieties over C. Let D(X) be the bounded derived category of constructible complexes of sheaves on an algebraic variety X. We denote by 
) be the perverse t-structure and Perv(X):
is a semisimple perverse sheaf. Assume that we are given an action of a connected algebraic
Lemma 2.17.
(i) Suppose that f : X → Y is smooth with connected fibers of dimension d. Then we have a fully faithful functor
The functors
and
define an equivalence of categories, quasi-inverse to each other.
We denote by 1 X the constant sheaf on X.
Lemma 2.18 ([BBD], [Lus3]).
(1) Let f : X → Y be a projective morphism with X smooth. Then 
Simple objects. Let
We call π F the minimal extension of F . We have the following properties of the minimal extension:
(1) π F has neither non-trivial subobject nor non-trivial quotient object whose support is contained in Z.
Let X be a variety, Y an irreducible locally closed smooth subvariety of X. For a simple local system L on Y , the minimal extension 
Moreover, for simple perverse sheaves F 1 and F 2 , we have Ext 0 (F 1 , F 2 ) = Hom Perv(X) (F 1 , F 2 ) = C or 0 according that F 1 and F 2 are isomorphic or not.
Fourier-Sato-Deligne transforms. Let
be the full subcategory of D(E) consisting of monodromic objects. Then we can define the Fourier transform
We will use the following properties of Φ.
Proposition 2.21 (e.g. [KS] , [Lau] ).
Let E 1 and E 2 be two vector bundles over S with rank r 1 and r 2 . Let f : E 1 → E 2 be a morphism of vector bundles and t f :
are Cartesian, then we have
(5) The Fourier transforms commute with the Verdier duality functors.
2.5. Quivers. Let I and α i 's be as in 2.1.
Definition 2.22. A quiver (I, H) associated with the symmetric Cartan matrix is a following data:
An orientation of a quiver (I, H) is a subset Ω of H such that Ω∩Ω = φ and Ω∪Ω = H. For a fixed orientation Ω, we call a vertex i ∈ I a sink if out(h) = i for any h ∈ Ω. 
Let S i be an I-graded vector space such that wt(S i ) = α i .
Definition 2.24. For V ∈ V and a subset Ω of H, we define
Note that E S i ,Ω ∼ = {pt}.
A Review on Lusztig's Geometric Construction
We give a quick review on Lusztig's theory in [Lus1] and [Lus2] 
) of I-graded subspaces of V such that the I-graded vector space F ℓ−1 /F ℓ vanishes in degrees = i ℓ and has dimension a ℓ in degree i ℓ . We denote by F i,a;Ω the set of pairs (x, F ) such that x ∈ E V,Ω and F is an x-stable flag of type (i, a). The group G V acts on F i,a;Ω . The first projection π i,a :
is a semisimple complex. We define P V,Ω as the set of the isomorphism classes of simple perverse sheaves L ∈ D(E V,Ω ) satisfying the following property: L appears as a direct summand of L i,a;Ω
Ω -equivariant. Let T, W, V be I-graded vector spaces such that wt(V) = wt(W) + wt(T). We consider the following diagram
Here E
′′ Ω is the variety of (x, W ) where x ∈ E V,Ω and W is an x-stable I-graded subspace of V such that wt W = wt W.
The morphisms p 1 , p 2 and p 3 are given by
Then p 1 is smooth with connected fibers, p 2 is a principal G T × G W -bundle, and p 3 is projective. For a G T -equivariant semisimple complex K T and a G W -equivariant semisimple complex K W , there exists a unique semisimple complex K ′′ satisfying p *
. For an I-graded subspace U of V such that V/U ∼ = T, we also consider the following diagram
where V runs over the isomorphism classes of I-graded vector spaces. Recall that S i is an I-graded vector space such that wt(S i ) = α i . Then we can define the induction f i : K W,Ω → K V,Ω and the restriction e
Then Lusztig's main theorem is stated as follows.
Theorem 3.1 (Lusztig).
( (1) a quiver (I, H), (2) involutions θ : I → I and θ :
From the assumption (d), any vertex i is a sink with respect to some θ-orientation Ω.
Example 4.2. We give two θ-orientations for the case of Example 2.13. The vertex 1 is a sink in the right example.
Example 4.3. Our definition of a θ-quiver contains the case of type A
1 . The following three figures are three θ-orientations in this case.
•~~θ 
Note that if W ⊃ W ⊥ , then W/W ⊥ has a structure of θ-symmetric I-graded vector space. Note that two θ-symmetric I-graded vector spaces with the same dimension are isomorphic.
Definition 4.5. Let (I, H) be a θ-quiver. For a θ-symmetric I-graded vector space V and a θ-stable subset Ω of H, we define
The algebraic group For a θ-symmetric I-graded vector space V, a sequence i = (i 1 , . . . , i 2m ) ∈ I 2m such that θ(i ℓ ) = i 2m−ℓ+1 and a sequence a = (a 1 , . . . , a 2m ) ∈ Z m ≥0 such that a 2m−ℓ+1 = a ℓ , we say that a flag of I-graded subspace of V
⊥ is an isomorphism of θ-symmetric I-graded vector spaces and ϕ T : T ∼ −→V/V is an isormorphism of I-graded vector spaces.
We define p 1 , p 2 and p 3 by p 1 (x, V, ϕ
Here the morphism x W , x T are defined by
Then p 1 is smooth with connected fibers, p 2 is a principal
Then we have
Proof.
(1) We consider the following diagram:
Here, ρ ′′ :
) is semisimple and a,a,a) ). On the other hand, we have
Then the locally closed smooth subvarieties
For a flag F of V, we define the flag F | U/U ⊥ by
We have
.
,Ω . We obtain the following diagram:
is parametrized by a one-dimensional subspace
Assume that x ∈ θ E V,Ω satisfies the condition that F is x-stable and x| U/U ⊥ = x W . First, suppose that h ∈ Ω satisfies out(h) = i and in(h) = θ(i). Then x h coincides with the composition
Hence, for such an h ∈ Ω, x h is uniquely determined by x W and x stabilizes the flag F .
If out(h) = i and in(h) = θ(i), we can regard x h as a skew-symmetric form on V i . Since 
Set
is an affine bundle and its fiber dimension is equal to
Thus the rank of f a (k) is equal to
By this claim, we have (
we obtain
Lemma 4.12. Let T 1 and T 2 be I-graded vector spaces. Let W and V be θ-symmetric I-graded vector spaces such that wt V = wt
Proof. Let T 12 be an I-graded vector space such that wt T 12 = wt T 1 + wt T 2 . Let W 2 be a θ-symmetric I-graded vector space such that wt W 2 = wt T 2 + θ(wt T 2 ) + wt W. We denote by F the variety of pairs (x, F ) where
and F 2 /F 3 ∼ = W as θ-symmetric I-graded vector spaces. LetF be the variety of pairs (x, F, ϕ W , ϕ W 2 , ϕ 1 , ϕ 2 , ϕ T 2 ) where (x, F ) ∈ F and ϕ W 2 :
as I-graded vector spaces. We consider the folowing diagram:
, where x W , x 1 and x 2 are the restrictions of x to W, T 1 and T 2 through the isomorphism ϕ W , ϕ 1 and ϕ 2 respectively, and u 2 and u 3 are natural projections. Note that u 1 is smooth with connected fibers, u 2 is a principal
Here E ′′ 2 is the variety of (y, V ) where y ∈ θ E W 2 ,Ω and V is an y-stable I-graded vector subspace of W 2 such that V ⊃ V ⊥ and wt(W 2 /V ) = wt(T 2 ), and E ′ 2 is the variety of (y, V, ψ W , ψ T 2 ) where (y, V ) ∈ E ′′ 2 and ψ W : V /V ⊥ ∼ = W and ψ T 2 :
and denote by L
is defined by the following diagram:
Here E
′′ is the variety of (y, V ) where y ∈ θ E V,Ω and V is an y-stable I-graded vector subspace of V such that V ⊃ V ⊥ and wt(V/V ) = wt(T 1 ), and E ′ is the variety of (y, V, ψ W 2 , ψ T 1 ) where (y, V ) ∈ E ′′ and ψ
We consider the following diagram: 
where x W 2 , ψ W and ψ 2 are natural morphism induced by using ϕ W , ϕ W 2 and ϕ 2 .
Thus the claim follows.
Restriction functor E i , Induction functors F i and F (a)
i . We consider the following diagram
Lemma 4.13. Suppose T = S i . Let d p 1 and d p 2 be the dimension of the fibers of p 1 and p 2 , respectively. The we have
Proof. For a vector space V , we denote by Alt(V ) the set of all skew-symmetric linear maps V → V * . Let P(V ) denote the projective space of hyperplanes of V .
We set
Then Ω 1 = Ω 10 ⊔ Ω 11 ⊔ Ω 12 and Ω 0 = Ω 00 ⊔ Ω 01 . Note that θ gives bijections Ω 10 → Ω 10 and Ω 11 → Ω 12 . Therefore we have
Since dim V i = dim W i + 1 and dim Alt(
Definition 4.14.
(ii) For T = S i , we define the functor
where
By Prposition 4.11, E i and F i induce the restriction functor 
We call F Lemma 4.16. The object
gives a functor
,Ω . By Lemma 4.12, we have
Since
4.5. Commutativity with Fourier transforms. For two θ-orientations Ω and Ω ′ , we have Ω\Ω ′ = Ω ′ \Ω. Then we can regard θ E V,Ω → θ E V,Ω∩Ω ′ and θ E V,Ω ′ → θ E V,Ω∩Ω ′ as vector bundles and they are the dual vector bundle to each other by the form h∈Ω\Ω ′ tr(x h xh)
Ω,θ -monodromic objects. Hence we have the Fourier transform Φ
The following lemma is obvious.
Lemma 4.18. For three θ-orientations Ω, Ω ′ and Ω ′′ , we have
where a :
Since any object in
Ω,θ -equivariant, it is a monodromic object. By the commutativity between E i , F i and (C × ) Ω,θ -action, the functors E i and F i preserve the category (C × ) Ω,θ -monodromic objects.
Theorem 4.19. Let V and W be θ-symmetric I-graded vector spaces such that wt V = wt W + α i + α θ(i) , and Ω and Ω ′ be two θ-symmetric orientations.
(1) Let F 
Ω and E i Ω ′ be the restriction functors with respect to Ω and Ω ′ , respectively. For
gives an isomorphism between θ following diagram:
Now we suppose Ω\Ω
, we can prove the claim by the same way.
(2) We may suppose Ω\Ω ′ = {h, θ(h)} and put out(h) = k, in(h) = ℓ. We considet the following diagram: When k = θ(i), we obtain the following diagram:
Here a ′ runs over the sequences a
On the other hand, we have
and a ′ runs over the sequences a
The relations
5.3. Key estimates of coefficients. Let Ω be a θ-orientation and suppose that a vertex i is a sink. For a θ-symmetric I-graded vector space V and r ∈ Z ≥0 , we define
Then we have θ E V,Ω = ⊔ r≥0 θ E V,Ω,r , and θ E V,Ω,≥r : = ⊔ r ′ ≥r θ E V,Ω,r ′ is a closed subset of θ E V,Ω . 
. We define the mapF i :
It does not depend on the choice of Ω.
(2) Let K ∈ θ P V,Ω . If ε i (K) > 0, there exists a unique simple perverse sheaf K 0 ∈ θ P W,Ω such that ε i (K 0 ) = ε i (K) − 1 and
Here we regard K 0 = 0 if ε i (K) = 0. We define the mapẼ i :
On the other hand, since p 3 is a P ε i (L ′ )−1 -bundle on
by Lemma 2.16. Moreover since Supp(L ′′ ) Supp(p * 3 L ′ ), we have 
By Lemma 5.8. For L ∈ θ P V,Ω , we have
Proof. We shall prove the claim by the induction on a. If a = 1, the claim follows from Theorem 5.3. If a > 1, by the induction hypothesis and Theorem 5.3, we have
On the other hand, since F (a+1) i
